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Abstract 

In this paper we study nonnegative, measure valued solutions of the initial value problem for 
one-dimensional drift-diffusion equations when the nonlinear diffusion is governed by an increasing 
C function ft with lim, — >+oo /3(r) < +co. By using tools of optimal transport, we will show that 
this kind of problems is well posed in the class of nonnegative Borel measures with finite mass m and 
finite quadratic momentum and it is the gradient flow of a suitable entropy functional with respect 
to the so called L 2 -Wasserstein distance. 

Due to the degeneracy of diffusion for large densities, concentration of masses can occur, whose 
support is transported by the drift. We shall show that the large-time behavior of solutions depends 
on a critical mass m c , which can be explicitely characterized in terms of ft and of the drift term. If 
the initial mass is less then m c , the entropy has a unique minimizer which is absolutely continuous 
with respect to the Lebesgue measure. 

Conversely, when the total mass m of the solutions is greater than the critical one, the steady 
state has a singular part in which the exceeding mass m — m c is accumulated. 

Keywords: sublinear diffusion, concentration phenomena, propagation of singularities, gradient flows, 
nonlinear diffusion equations, Wasserstein distance, measure valued solutions. 



1 Introduction 

In this paper we study nonnegative, measure- valued solutions of the Cauchy problem for a one-dimensional 
drift-diffusion equation 

dtp-d x {d x (fi{p)) + V'p)=ti in (0, +oo) x R, p(0,-)=Po inM. (l.DDE) 

Here we assume that 

/3 G C 1 ([Q,+oo)) is increasing, /3(0) = 0, /3°° := lim /3(r) < +oo, 

r— »+oo 

and V : R — > K is a C 2 driving potential, satisfying the conditions 

V"(x) > A for all x G M; liminf^^>0. (l.V) 
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We will look for solutions t M> pt in the space ^2 (R, ttl) of nonnegative Borel measures with finite mass 
m = p(M) and finite quadratic momentum 

m 2 (p) := / \x\ 2 dp(x) < +00. (1.1) 



Conditions describe the physical situation in which the diffusion operator is very weak and 

possibly unable to smooth out the solution if initially point masses are present. 

This fact is reflected by the natural entropy functional 5" which generates equations like (jl.DDEj) as 
gradient flow in (K, nx) and in particular decays along the solutions of (jl.DDEj) , 

?(p):=E(p)+V(p), £( P ) := [ E(u(x))dx i{p = uJ? 1 +p x , V(p) = [ V(x) dp(x), (1.2) 



where the convex energy density function E : [0, +00) — > R is defined as 

r+°° H'(s) 

E(r):=-0(r)-r -^-ds so that /3'(r) = rE"(r), E(0) = 0, (l.E) 

Jr s 

and satisfies 

E(r) 

lim E{r) = — /3oo and therefore lim = 0, (1-3) 

r— >— t-oo r— > + oo 7* 

so that the (lower semicontinuous) integral functional £ defined by (jl.2[) depends only on the regular part 
of a Borel measure (see for instance [5]). 

Even worst, the energy density E does not satisfy the regularizing condition Thm. 10.4.8] 
linv^+oo E(r) = —00, which prevents a singular part for measures with finite energy dissipation along 
(ll.DDEp . thus in particular for any solution p t at positive time t > 0. 



Sub-linear diffusions and Bose-Einstein distribution. In order to better clarify the physical mean- 
ing of condition , let us briefly describe a situation in M. d in which the steady state of the drift-diffusion 
equation is explicitly computable. To this aim, for x € R d , d > 1, let us fix V(x) = \x\ 2 /2, while, for a 
fixed constant a > 0, the diffusion function /3(r) is defined by 



0(0) = 0, /3'(r) 
Then, since in this case the drift-diffusion equation 



1 + r° 



dtp - v x ■ {v x p{p) + xp) = 0, 



x G 



can be rewritten as 



d tP -V x - (pV a [ iln-^- + M- 



a 1 + p a 



the steady states of (jl.5p are given by 



e a|x| 2 /2+r; _ x 



-1/a 



?7 > 0. 



Poo (x) 

The (nonnegative) constant r\ in (|1.6p identifies the mass of the steady solution 

-l/a 



3 a| a: | 2 /2+r ; 



1 



dx. 



(1.4) 



(1.5) 



(1.6) 
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Since the mass is decreasing as soon as r\ increases, the maximum value of is attained at 77 = 0. 
Note that, if Bd denotes the measure of the unit sphere in R d , the value 



m 



,a\x\ 2 /2 



-1/a 



"+00 

i I r" 
10 



dx = B, ' 



3 ar 2 /2 



-1/a 



dr 



is bounded as soon as a > 2/d. Whenever the constant a is chosen in this range, the value 



m = B a 



2 /2 



1 



-1/a 



dr < +00 



(1.7) 



defines the so-called critical mass of the problem, namely the maximal mass that can be achieved by 
a regular steady state. It is interesting to remark that, in view of the lower bound on a which implies 
the existence of a critical mass, since in dimension one a > 2, the function j3 in (|1.4p satisfies conditions 



(1./3 ), in particular 



lim P(r) < 

— >+oo 



This condition clearly can fail in higher dimensions. 

The most relevant physical example of such type of steady states is furnished by the three-dimensional 
Bose-Einstein distribution [4] 



(X) 
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(1.8) 



that is the steady state of equation (|1.5[) corresponding to a = 1 . In this case the function /3 is explicitly 
computable to give j3(p) = ln(l + p). Since a = 1, if the dimension d > 3, the Bose-Einstein distribution 
exhibits a critical mass. We remark that in this case the energy functional E(u) is the Bose-Einstein 
entropy 

E{u) = u\nu — (1 + u) ln(l + u). 

One of the fundamental problems related to evolution equations that relax towards a stationary state 
characterized by the existence of a critical mass, is to show how, starting from an initial distribution 
with a supercritical mass m > m c , the solution eventually develops a singular part (the condensate), and, 
as soon as the singular part is present, to be able to follow its evolution. We remark that in general 
the condensation phenomenon is heavily dependent of the dimension of the physical space. In dimension 
d < 2, in fact, the maximal mass mo of the Bose-Einstein distribution (|1.8[) is unbounded, and the 
eventual formation of a condensate is lost. 

In order to simplify the mathematical difficulties, while maintaining the physical picture in which the 
steady state has a critical mass, in [3] the one-dimensional case corresponding to a steady state of the 
form (|1.6p . with a > 2 has been considered. Note that the analysis of [3] refers to a linear diffusion with 
a super-linear drift 

d t p = d x (d x p + xp(l + p a )), 
that is reminiscent of the Kaniadakis-Quarati model of Bose-Einstein particles [5] 



dtp = V ■ (Vp + xp(l + p)) 



(1.9) 



A measure-theoretic setting for diffusion equations. In the present paper we deal with an almost 
complete description of the time-evolution of the solution of problem (|1.DDE[) with a Borel measure as 
initial datum. While the mathematical study of drift-diffusion kinetic equations with the Bose-Einstein 
density as steady state has been considered before (cfr. OE] an d the references therein), to our knowledge, 
drift-diffusion equations of type (jl.DDEI) at present have never been studied systematically. 
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Motivated by the previous remarks and by the degeneracy of the entropy functional 5F introduced 
in (jl.2[) . whose minimizcrs could exhibit concentration effect, we address the study of (jl.DDE[) by the 
measure-theoretic point of view recently developed in the framework of optimal transport [2]. This ap- 
proach, started by the pioneering papers of Jordan-Kinderlehrer-Otto [5] and Otto [TT], provides 
a sufficiently general setting for measure- valued solutions to (jl.DDEI) . 

./#2 (K, m) endowed with the so called L 2 -Wasserstein distance is the natural ambient space for carrying 
on our analysis. A first important fact is that the entropy functional 5F (|1.2|) turns out to be displacement 
A-convex, a crucial property which holds only in the one-dimensional case, since the possibility of entropies 
satisfying (|1.3[) is prevented by McCann's condition [TU] in higher dimensions. 

Moreover, we are able to extend the results of [2] (which for sublinear entropies covers the case when 
lim r _j. +00 E{r) = — oo) providing an explicit characterization of the dissipation of 5", which is strictly 
related to the "Wasserstein differential" of 3 r . As a crucial byproduct of this analysis, we will find 
the right condition that measure-valued solutions have to satisfy in order to enjoy nice uniqueness and 
stability results. It is worth mentioning here that the distributional formulation of (|1.DDE[) does not 
provide enough information to characterize the solutions, when a concentration on a Lcbcsgue negligible 
set occurs. 

Applying the general theory of gradient flows of displacement A-convex functionals in Wasserstein 
spaces, we can thus obtain a precise characterization of measure valued solutions to (|1.DDE|) and we can 
prove their existence, uniqueness, and stability. 

Further justifications showing that the notion of Wasserstein solutions is well adapted to (jl.DDEI) 
come from natural regularization/approximation results: we will show that our solutions are both the 
limit of the simplest vanishing viscosity approximation of (|l.DDEp and of smooth solutions generated by 
rcgularization of the initial data. 

We complete our analysis by studying the propagation of the singularities, the structure of minimizers 
of 2f and of stationary solutions, and the asymptotic behavior of the solutions, showing general convergence 
results to the minimizer of 5 '. 

Plan of the paper. In the next section we will make precise our definition of measure-valued solutions 
to (|1.DDE|) ( §2.1jl and we will present our main results concerning existence, uniqueness, stability, and 
approximation of Wasserstein solutions ( £J2.2j) . The equation governing the propagation of their singu- 
larities is considered in £12.31 £12.41 is devoted to a precise characterization of minimizers of 5" and of the 
critical mass; steady states are studied in £12.51 and £12.61 collects some results concerning the asymptotic 
behaviour of Wasserstein solutions. 

Section[3]briefly recalls some definitions and tools of (one-dimensional) optimal transport, Wasserstein 
distance, and the related (sub)differcntiability properties of displacement A-convex functionals. Theorems 
I3.3l and l3.5l lie at the core of our further developments. A last paragraph devoted to a simple regularization 
of 5" by T-convergence concludes the section. 

The last section contains the proofs of all our main results: the connection with the general theory is 
discussed in £|4.1l and £14.21 is devoted to the propagation of the singularities; the study of the minimizers 
of 5" and of the related asymptotic behavior of the solutions to (jl.DDE|) is performed in the last part. 

2 Definitions and main results 

In this section we collect the main definitions and results we shall prove in the rest of the paper. 
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2.1 Wasserstein solutions to fll.DDEI) 

The case of bounded initial densities and Lipschitz drifts. When (the Lebesgue density of) 
po £ L°°(R) and the potential V is such that 

V"{x) < c for every (2.1) 

it is not difficult (see [13] and next Corollary 14. 2 1) to show that a smooth solution p t of fll.DDEI) satisfies 
the a priori estimate 

sup ||/9 t ||z,°°(R) < Rt ■= ||/Oo||l~(R)C cT for every T > 0, (2.2) 
te[o,T] 

so that it is uniformly bounded in every bounded time interval [0,T]. We can infer from (|2.2[) that the 
behavior of /3(r) as r | +oo does not play any role, and a solution in [0, T] could be easily obtained by 
solving (|1.DDE[) with respect to a nonlinearity $ defined for instance by 

B(r)-=l m Hr<2R T , 
w " \l3(2R T ) + (3'{2R T )(r -2R T ) iir>2R T . 

Denoting by St(po) the solution p t generated by a bounded initial datum p<j, it is possible to check that 
Sj satisfies the L 1 contraction property 

||S t (p)-S t (»7)|| il(B) < \\p-vhi(m) for every p, r, G L X (R) n Z°°(R). (2.4) 

Consequently S* can be extended in a canonical way to a contraction semigroup in the cone L+(R) of 
nonnegative integrable densities. 



Measure-valued solutions. In case the Lebesgue density of po is not bounded or V does not satisfy 
(|2.ip . the presence of a singular part in the solution p of (jl.DDE| has to be taken into account, since the 
boundedness of /3 is responsible of the (possible) presence of a critical mass. We shall see an example of 
a solution p t exhibiting a singular part for every t > in the next Remark 12.231 

In the following we will denote by (R) (resp. ^#+(R, m)) the space of nonnegative Borel measures 
in R with finite mass (resp. with prescribed mass m > 0) and by ^#2(R) (resp. ^#2(R, m)) the collection of 
measures in ^#+(R) (resp. in ^# + (R,m)) with finite quadratic momentum. In order to enucleate a precise 
notion of measure- valued solution, for every p £ (R) we consider the classical Lebesgue decomposition 

p = p a +p L , p a =uJZ\ (2.5) 

where u £ L 1 (R) is the Lebesgue density of the absolutely continuous part p a of p and p 1 - is the singular 
part of p, concentrated on a set of Lebesgue measure 0. 

It is then natural to substitute the term (3(p) in (|1.DDE[) by f3(u) and then interpret (|l.DDEp in 
the sense of distributions. If we want to obtain a good notion of solution, we should add some further 
requirements to the density u. The first one is of qualitative type, and relics in considering u as a 
continuous function on R with values in the extended set [0, +oo], endowed with the usual topology. 

Definition 2.1 (Measures with continuous densities). We say that a measure p = p a + p 1 - £ (R) has 
a generalized continuous density u £ C°(R; [0, +oo]) with proper domain D(u) := {x £ R : u(x) < +00} 
if 

^(D(u))=0, J^(R\ D(u)) =0, and p a = u& 1 \ (2.6) 

We set D + (u) := {x £ D(u) : u(x) > 0}. Wc denote by ^(R) the collect ion of all measures with 
generalized continuous density and we set W : = ^+ (R) H ^#2 (R) , ./# 2 c ( K > m ) : = ^+(R) H ^ 2 (R, m). 
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Notice that D(u) is a dense open subset of R, p = P| R ^ D ^ y an d 

lira u(x) = +00 for every x G dD(u) = R\ D(m). (2-7) 

In particular, ./#£(R) does not contain any purely singular measure: if p a = then also vanishes. 

If p G (R) then we will always identify its Lebesgue density dp/dJz? 1 with the (unique) continuous 
precise representative u G C°(R; [0, +00]) given by Definition 12.11 By we can consider (3 as a 

continuous function defined on the extended set [0, +00] and therefore the composition j3 o it is a well 
defined real continuous function on R. 

The second requirement is a quantitative estimate concerning the "generalized Fisher" dissipation 
functional. 

Definition 2.2 (Generalized Fisher dissipation). If p belongs to ^#£(R) with continuous density u we 
set 

3(p):= [ ^^- + V' 2 udx+ /V'| 2 d/ if /3 o u g Wjoc (R) . (2.8) 

JD + (u) u JK 

When /? o u W^{R) or p ^(R), we simply set 3(p) := +00. 

It turns out that J is a lower semicontinuous functional with respect to weak convergence of measures 
in ^+(R) (see Theorem [33} . 

Definition 2.3 (Wasserstein solutions to (|1.DDE|) ). We say that p G C°([0, +00); ^tC 2 (^, tn)) is a Wasser- 
stein solution of problem (jl.DDEI) if, denoting by p t the measure p at the time t, 

pt G Jtl{M) for J^-a.e. * > 0, (2.9a) 

f Tl 

/ 5(p t ) dt < +00 for every < T < T x < +00, (2.9b) 

and 

/ + f (-dt<p + d x tpV') dpt dt + f + f d x <pd x j3(u t ) dxdt = G C c °°((0, +00) x R), (2.9c) 
Jo Jr ^ ' Jo Jr 

where ut is the generalized continuous density of pt for _£? -a.e. t > 0. 

Remark 2.4 (Convergence in ^#2(R, rn)). ^#2(R, rn) is a complete metric space endowed with the so 
called L 2 -Wasserstein distance W2O, •)■ More details on this distance will be given in the next section; 
let us just recall that a sequence p n converges to p in ,-#2(8, m) as n | +00 iff 

lim / <p(x) dp n (x) = / (p(x)dp(x) for every ip G C°(R) with sup < +00. (2.10) 

"t+00 y K jjj x 1 + x- 4 

Remark 2.5 (The role of the generalized continuous density). By neglecting condition (|2.9al) one can 
easily construct evolutions of purely singular measures which solve (|2.9cj) and are not influenced at all 
by the diffusion term. We take a finite number of C 1 curves Xj : [0, +00) — > R, i = 1, ■ • ■ ,N, which solve 
the differential equation ij(t) — —V'(xj(t)) in [0,+oo), and we set 

N 

Pt ■= y^Qjj4,(t), aj>0. (2.11) 
i=i 

In this case = for every t > 0, which implies /3(itt) = and (|2.9c[) contains just the pure transport 
contribution given by the first integral. On the other hand, by taking a smooth approximating family 
p e po in ^2(R, m), we can see that (|2.11l) is not the limit of the corresponding solution pf as e I 
(see Theorem l2.6l) . 
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Energy functional and Fisher dissipation. In order to understand both the role of the generalized 
Fisher dissipation and the consequences of (|2.9b[) , let us recall the definition ()1 of the so-called internal 
energy density E ; [0, +00) — >• K by the relation 

r+00 f + OO OH \ 

E(r) := -p°° + / (l--)p'(a)ds = -P(r)-r / tiAll ds . (2.12) 

Jr s or S 

It is simple to check that E is a convex nonpositive function satisfying 

£€C 2 (0,+ool £(0) = 0, lim -4^- =/3'(0) G f0,+oo), E°° = lim E(r) = -/3°°, (2.13) 

r^o+ rlogr rt+oo 

and 



/3'{r) = r£"(r), = - / Z-±-L ds < 0, Vr £ (0, +00). (2.14) 

We associate the integral functional 

£(p) := / E(u(x))dx whenever p = vjg 1 + p 1 - G -M+ (R) , (2.15) 
to the energy density E, the potential energy 

V(p) := [ V(x)dp(x) (2.16) 



to the potential V, and the energy functional : ^# + (K) — > (—00, +00] 

?(/>):= £(p)+V(p). (2.17) 
Formal computations show that £F and J satisfy the energy dissipation identity along solutions to (|1.DDE[) 

3{p tl )+ I* 3(pt)dt = ?(p to ) < t < h < +00. (2.18) 

J to 

2.2 Existence, stability, and approximation results. 

Recall that A G ffi is a lower bound for the second derivative of V, see (jl.y[) . Let us set 



t B — 1 



if A 7^ 0, 



E A ( t ):=y o e-d„=| ( > (2.19) 

Theorem 2.6 (Existence, uniqueness, stability, and comparison). For every po G ^2(R, tn) £/iere exists 
a unique Wasserstein solution p t to (|1.DDE[) according to Definition \ 2.S[ This solution satisfies the 
regularization estimate 

?{pt) + ^Y^l(pt) < mV(0) + z^kMPo) for every t > 0, (2.20) 
the energy dissipation identity (|2.18j) . and the dissipation inequality 

3(p t )<3(ft )e^ (f " io) , Vt>t Q >0. (2.21) 

The map St ■ ~-#2(K,m) — > .402 (R, m) defined by St{po) = pt is a semigroup of continuous maps in 
^#2(Rjffl) satisfying the stability property 

VF 2 (S t (p ),S t M) < e- At ^ 2 (po,?7o). (2.22) 

// moreover pg < 770 i/iera St(po) < St(r?o) /or every t > 0. 
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Remark 2.7 (Singularities). Recalling the definition (|2.8[) of J, the regularization estimate (|2.20p shows 
that the solution given by Theorem 12.61 satisfies pt G ^#2(^1 m ) f° r every t > 0. 

In the case when V' is Lipschitz, the stability property f|2 .22[) and a simple regularization of the 
initial datum show that Wasscrstein solutions are the limit of locally bounded solutions satisfying (|2.2j) . 
Another way to see that Definition 12.31 provides the right notion of solution involves a classical viscous 
regularization of (|1.DDE[) combined with a suitable regularization of the potential V. Given a small 
parameter e > let us consider the perturbed nonlinear functions 

[3 £ (r) : = p( r ) + er, r 6 [0, +00), (2.23) 

and a family V £ of smooth and Lipschitz potentials such that 

V e {x) < V(x) + A\x\ 2 X < {V £ )"{x) < supV" for every iel, (2.24a) 

(V £ ) {h) -> V [h) ase|0 uniformly on compact sets of R, h = 0,1,2, (2.24b) 
V s (x) 

liminf > uniformly with respect to e. (2.24c) 

x|->oo \X\ Z 

For every pg G */# 2 (R, m) we consider the problem 

9t(f-d x (d x F s (u e ) + (V e ) , pF)=0, in (0, +00) x R; p e (0,-)=pg, inR, (2.25) 
the associated energy functional 

\l(p) + e I ulogudx if p = uSe 1 < _Sf 1 /" , 

£ £ (p) = < V Jk V £ (p):= V £ (x)dp, 3 £ = Z £ +V £ , (2.26) 

[+00 ifp-L^O " /r 

and the corresponding Fisher-dissipation 

r(p)-.^ f ^M + (V £ )' 2 udx itp = uJ? 1 , f3 e (u) G W^R). (2.27) 

JR u 

As usual J e (p) = +00 if u g Wio'c(K) or p ^ jSf 1 . 

Theorem 2.8 (Convergence of viscous regularizations). For every p§ = Uq-S? 1 G .^(K, m) ™£/i u§ G 
C*(R), £7iere exists a unique smooth solution p £ = u £ J£ l G C°([0, +00); ^#2(K, m)) of problem (|2.25l) 
satisfying T{p £ ) G ^(0, +00). Moreover JEgfl , (|2T2"Tj) . and (pTT8"|) /10/d wi£/i J, J replaced by J £ ,3 £ , 
respectively. 

If Pq — > pa in ^#2(R, rn) and sup e 9 r6 (p e ) < +00, then pi converges in ^2^, nx) £0 £/ie unique 
Wasserstein solution p t of problem (|1.DDE[) as £ 4- /or every t > 0. Moreover u\ — > u< uniformly on 
compact sets of D(it t ) /or every t > 0. 

The proofs of Theorems l2.6l and l2.8l t ake advantage of the theory of gradient flows of convex functionals 
with respect to the Wasserstein distance [2] and will be given in Section 14.11 

Remark 2.9 (Non smooth potentials). Theorems 12.61 and 12.81 are still true in the case when V is a 
general A-convex function, i.e. the condition (jl.^P on the lower bound on V" (which we assumed for the 
sake of simplicity) is replaced by 

x 1— > V(x) - ^x 2 is convex in R. (2.28) 
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(|2.28p implies that V is differcntiable Jzf^almost everywhere, so that the first occurence of V in the 
definition (|2.8I) of 3 still makes sense as it is integrated with respect to JC 1 . The second integral term in 
(|2.8[) should be replaced by 

/ \d°V(x)\ 2 dp ± (x) (2.29) 
where d°V(x) denotes the element of minimal norm in the (non empty) Frechet subdiffercntial dV of V. 

2.3 Propagation of singularities. 

In this section we want to study the evolution of the singular part p^~ of the Wasserstein solution p t to 
(jl.DDEp . By Remark PTH wc know that p t = it t Jz? 1 + p^ G Ji%{K) for every t > 0, so that the support 
of pf- coincides with the set where the (continuous representative of the) density Ut takes the value +oo. 
We thus call 

J(u t ) := R \ D(u t ) = {a;el:ii( (x) = +00} and we will show that the evolution of ^(ut) follows the 
flow generated by —V. 

Let us first introduce the evolution semigroup X on R generated by —V, thus satisfying 

—X t (x) = -V'(X t (x)), X (x)=x for every x G R. (2.30) 
at 

Since V is of class C 1 and, by 

(V(x) - V'(y)) (x-y)> X\x - y\ 2 for every x, y G R, 

Xt is a family of diffcomorphisms mapping K onto the open set Rt := Xt(R). We set 

Jt :=X t (J(no)), D t :=X t (D(u )), t>0, (2.31) 

and we notice that J f = R t \ D t is a closed subset of Rt, since D t is open. 

If a G -#+ (R), the push-forward (X t )#a through X t is the Borel measure defined by 

(Xt)#cr(A) := o-(X t _1 (A)) for each Borel set A C R. 

Theorem 2.10 (Propagation of singularities). // po G ./# 2 C (K) and p t = u t ^£ l + p^ G ^#|(R) is i/ie 
unique Wasserstein solution of (jl.DDEp . then 

dtp^ — d x (Pt~ V') < m i/ie sense of distributions, lim < p^ weakly in „-# + (R). (2.32) 
In particular 

J(ut) G J t , < (X t ) # ^, /or even/ i > 0, (2.33) 
so that for every Borel set A C R 

^(A) ^(X^A)). (2.34) 
In particular p^~ is concentrated in X t (J(ito)) u t * s finite in X t (D(uo)). 
The proof of Theorem 12.101 will be carried out in Section 14.21 

The case when p^ = a j&xj with x\ < X2 < • • • < xn and ctj > is of particular interest. In 

this case, from Theorem 12. 101 we deduce that p t = ut^f 1 + p^ with 

N 

Pt = ^2 a j( t ) S x j (t), Xj(t) =X t {xj), (2.35) 
i=i 

where aj : [0, +00) — > [0, +00) is nonincreasing. 

Theorem 12.101 can be cquivalently formulated in terms of the density Ut of the regular part of pt : 
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Corollary 2.11 (The regular part is a supcrsolution) . If pt = utJz? 1 + p^ G .-#2(R) * s a Wasserstein 
solution to (|1.DDE[) then u t is a super solution of (ll.DDE[) . i.e. 

dtu — d x (d x /3(u) + V' uj > in the sense of distributions in (0, +oo) x K. (2.36) 

2.4 Minimizers of the energy functional and critical mass. 

In this section we will assume that the potential V satisfies the coercivity condition 

lim V(x) = +oo and we set V m in := min V, Q := {x G K : V(:r) = V m i n }, (2.coer) 

\x\— >+oo E 

and we study the minimizers of the functional 5F, which are particular steady states of equation ([l.DDEI) . 
The structure of the minimizers of 5" is governed by two critical constants and two functions, with their 
inverses. The first function is r —E'(r): it is a decreasing homcomorphism between (0,+oo) and the 
interval (0,0), which can be characterized by the constant 

+ oo oil 



r + °° b'(s) 

d :=- lim E'(x) = / !-±l ds G (0, +oo] 
x->o+ J s 



Notice that is finite if and only if s h-> (3'(s)/s is integrable in a right neighborhood of 0. We can thus 
consider the pseudo-inverse function H : (0, +oo) — > [0, +oo) defined by 



H(v) 



(ETH-v) if we (0,0) 

if < +oo and v € [0, +oo) 



which is decreasing in the interval (0,0). 
The second function is 



M R (v) := / H(V(x) - v) dx, v < V min . 

JR 

In order to avoid a degenerate situation, we will assume that V satisfies the integrability condition 

/ H (V(x) — Vmin) dx < +oo, for some bounded open neighborhood Q of Q. (2.int) 

Jm\q 



(|2.int[) yields Mig(v) < +oo for every v < Vmin so that Mr is an increasing homeomorphism between 
(Vmin — f , Vmin) and the interval (0, m c ), where the critical mass m c is defined by 

m c := lim M M (v) = [ H(V(x) - V min ) dx G (0, +oo]. (2.37) 

vtV m in Jig. 

If M~ x : (0, m c ) (Vmin — 5, V m i n ) denotes the inverse map of M, we eventually set 

fM R » ifm<m c 
[Vmin ifm>m c . 

Theorem 2.12 (Characterization of minimizers). IfV satisfies (|2.coerj) then £F attains its minimum on 
-#+(R, m). If V also satisfies (|2.int|) then a measure p G ./#+(R, m) is a minimizer of J if and only if it 
belongs to (R, m) and its decomposition p m - m = Wmin-S? 1 + /°mm satisfies 

u min (x) = H(V(x)-t>), pi in (R\Q)=0, Anin (Q) = (m-m c )+. (2.39) 
Pmin belongs to JX% (R, ti) if V satisfies the condition ( stronger than (|2.int[) ) 

I \x\ 2 H{V{x) — V m in) da; < +00, for some bounded open neighborhood Q ofQ. (2.40) 



10 



Remark 2.13. 



• In the case when m < m c , the minimizer p mm = Umin-S? 1 is unique and p^ in = 0. If m < m c , w m in 
is bounded, whereas if m = m c , u m i n (x) = +00 for every x £ Q. Last, if m > m c the minimizer has 
a nontrivial singular part and it is unique only when Q is a singleton. 

• As already pointed out, the existence of the critical mass m c < +00 depends on the behavior of the 
/3(r) for large values of r and on the local behaviour of V near Q. 

• If D < +00 then the support of p min is compact and it is contained in the sublevel of V {x £ K : 
V(x) < + 0}. 

• If Q is an interval (in particular if V is convex) then the minimizer of J is unique. This property is 
always true when m c = +00; when m c < +00, the fact that Q is a closed interval and (|2.37j) show 
that Q is a singleton. 

2.5 Stationary solutions 

In this section we will study the stationary Wasserstein solutions of (|1.DDE[) . i.e. constant measures 
p £ ^2^) which solve (|1.DDE[) . As a starting point, we observe that steady states can be characterized 
as measures with vanishing Fisher dissipation. 

Theorem 2.14. A measure p £ j^i^-i nx) is a stationary Wasserstein solution of (jl.DDE[) iff p £ 
-# 2 c (R,m) andJ(p) = 0. 

Of course, any minimizer p of 2f in ^t<$&., nx) satisfies J(p) = and it is a stationary solution, but in 
general one can expect that other stationary solutions exist. Their structure depends in a crucial way on 
U; the simplest case is when d = +00. 

Theorem 2.15 (Characterization of stationary measures I). Let us suppose that V satisfies (|2.coei'P and 
(|2.intp . Ifd = +00 then for every p G ^# + (K,rtx) 



In particular, a measure p £ ^2(R,Tn) is a stationary solution if and only if it is a minimizer of ' $ '. 

The case when O < +00 is more complicated and requires some preliminary definition. 

Definition 2.16. Let us suppose that U < +00. We say that a bounded open interval / = (a, b) C K is 
an admissible local sublevel of V if 



J(p) =0 p is a minimizer for £F in ^ + (R,rrx). 



(2.41) 



V(a) = V(b), 0/ := V(a) - d < V(x) < V(a) for every x £ (a, 6), 



(2.42) 



and 




(2.43) 



We set Qi := { 



x £ I : V(x) = min/ V}. 



Notice that Qi is not empty iff 



D/ = V(a) - = minK 



(2.44) 



If Qi is empty, i.e. Vj < min/ V, then condition (|2.43|) is always satisfied. 



11 



If u : M — > [0, +00] is a continuous map, we set 
~\x e K : u(x) > 0), 

(2-45) 

:=the collection of all the connected components of f2 + (u). 

Theorem 2.17 (Characterization of stationary measures II). Let us suppose that V satisfies (|2.coerj) 
and (|2.int[) . IfQ< +00 a measure p = u^f 1 + p 1- S ^#?(M, m) satisfies 3(p) = if and only if it satisfies 
the following three conditions: 

1. All the connected components in J?(u) of the open set f2 + (u) are admissible local sublevels of V 
according to Definition \2.16\ 

2. 

uy = H(V(x) — Vi) for every I g J \u) . (2.46) 

3. IfQ(u) :={J Ie s (u) Qi 

p 1 - is concentrated on Q(u), and m = Mi + p' L (M). (2.47) 

Corollary 2.18. IfV satisfies (|2.coerp , l|2.intp , and 

the set Q of (|2.cocr[) is an interval V' > in (g+,+00), and V < in (— oo,g_), (2.48) 

( (|2.48l) is always satisfied ifV is convex), then (|2.41[) holds and there exists a unique stationary measure 
in ^2(R, m) which coincides with the unique minimizer of 3 in ./^(K, m). 

Remark 2.19. It is possible to prove a converse form of Corollary 12. 181 if d < +00 and for every value 
of m > there exists a unique steady state in ^#2(R,nx) then V satisfies (|2.48[) . 



Example 2.20. Let us choose (3(r) = arctanr, so that E(r) = rlog f - J — arctanr and E'(r) = 

( r \ e~ v 
log —j^=^= . Notice that = +00. One can compute explicitly H(v) = — , for v > 0. If the 

\ \A + r 2 J yh- c~ 2v 

f e~ |x| ° 

potential is V(x) = \x\ a , with a > 1, the critical mass is defined by m c = / H-r It follows 

ii vl - e~ 2 \ x \ a 

that m c < +00 if and only if a < 2. 
We find that 

= Vl-e-^l"^ - (2 - 49) 

If a > 2, for every value of the mass m, the unique minimum point, which is also the unique stationary 
solution, can not have a singular part, and it is bounded and positive. The same situation occurs when 
a < 2 and m < m c . If a < 2 and m = m c , then the unique stationary state is infinite at x = but 
without a singular part, whereas for m > m c the singular part is p^ lin = (tn — m c )<5o. 

Example 2.21. Let us choose /3(r) = ^ . Then E(r) = — r arctan(l/r) ax\AE'(r) = jT 2 — arctan( 1 /r) . 
In this case f = §• 

Let us observe that E'{r) has the same behavior of r H — 1/r 3 as r +00. Therefore H{v) has the 
same behavior of v >— > t>~ 1//3 for v — > + . Considering again the potential V{x) = \x\ a , with a > 1, it 
follows that m c < +00 if and only if a < 3. 
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The support of the unique stationary state is {x £ R : \x\ < (o + ir/2) 1 / a } and it is compact for every 
value of m and a. 

Finally we show a measure p £ ^# 2 C (^ m ) satisfying J(p) = which is not of the form (|2.39[) . 

To this aim we consider the double well potential V(x) — ir(x — l) 2 (x + l) 2 . Let m > m c . Defining 
u(x) — H(V(x)) for x > and u(x) = for x < 0, we observe that u is continuous on R with values 
in [0,+oo] and J R u(x) dx = m c /2. Consequently, the measure p = uJ^f 1 + (m — m c /2)<5i belongs to 
^ 2 c (R,m), satisfies 3(p) = but is not of the form (|2~39]) . 

We can construct a similar example when V has a local minimum greater than Vm m . For instance 
we can consider a potential V defined by V(x) = 2tt(x + l) 2 + 1 for x < —1/2, V(x) = 2ir(x — l) 2 
for x > 1/2 and suitably defined in [—1/2,1/2] in order to satisfy the condition V(x) > ir/2 and the 
A-convexity assumption. Then the support of p m i n is contained in [—3/2,-1/2] U [1/2,3/2]. Let us 
define u(x) = H(V(x) — 1) for x < and u(x) = for x > 0, and p = icSf 1 + (m — m c )<5_ i , where 
m c := m c - /'^ H(V(x)) dx. Then p g ^ 2 C (R, m), J(p) = but p is not of the form ([239)) and it is not 
a minimizer of SF. 

Remark 2.22. We point out that the case = +oo reveals some analogies with a diffusion which is 
linear near to 0. In this case we have the immediate strict positivity of the solution also starting from 
compactly supported initial data. 

On the contrary, the case D < +oo corresponds to a slow diffusion near to 0. In this case, starting 
from compactly supported initial data the solution could remain compactly supported for all time and it 
may happen that as t — > +oo the solution converges to a steady state which is not a global minimum of 
J. 

Remark 2.23 (Examples of singular solutions). Let p := uJ?? 1 + p 1 - £ ^2(R,m) be a steady state of 
(|l.DDEj) with p 1 - 0: e.g., one can consider the case when m c < +oo and take a minimizer of ? with 
m > m c . If p~o = uJff 1 + p s ^#2(-Rj m ) with u > u then the comparison principle shows that the 
Wasserstein solution p t of (|1.DDE[) with initial datum po is singular and its singular part is p 1 - for every 
t > 0. 

2.6 Asymptotic behaviour 

Let us first considering the case of a convex potential V. Here we can apply the general results about 
the asymptotic behavior for displacement convex functionals (see [2]). 

Moreover, as we observed in Remark |2.13[ the specific form of the functional 2f yields that it has only 
one minimizer p m - m in each class ^^(-^i 1 * 1 ) which is also the unique steady state by Theorem 12.151 and 
Corollary 12. 181 the study of the asymptotic behaviour is therefore greatly simplified. 

Theorem 2.24 (Asymptotic behavior I: the convex case). Let us assume that the potential V is convex 
(i.e. (|1.V^[) is satisfied with A = 0) and satisfies (|2.coerp and (|2.40[) , and let p min be the unique minimizer 
of 5" in ^2(R,vn). If p is a Wasserstein solution to (|l.DDEp in «/#2(RjT!t) then p t weakly converges to 
Pmin cis t — > +oo in the duality with continuous and bounded functions. Moreover, for every t £ (0, +oo) 

3{Pt) - j(Pmin) < ^ ' ~ ~p • ( 2 - 50 ) 

If the potential V also satisfies (jl.yi) with A > 0, then for every t > we have the exponential 
estimates 

W 2 ( Pt ,p min ) < C- Xt W 2 ( P0 , Pmin), (2.51) 

Hpt) ~ ?(Pmin) < C- 2At (j(p ) ~ J(Pmin)), 3(p t ) < 0~ Xt ^ , (2.52) 
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The last result concerns more general potentials V: a simple characterization of the asymptotic 
behaviour of a Wasserstein solution is possible only when there exists a unique steady state for (jl.DDEI) 
(which therefore coincides with the minimizcr of 5") : this is the case when = +00 and V satisfies (|2.cocrl) 
and (|2.40[) . or when 9 < +00 and V satisfies the conditions of Corollary 12. 181 

Theorem 2.25 (Asymptotic behavior II). Let us suppose that V satisfies (|2.coer|) and (|2.int[) and let us 

assume that there exists a unique steady state p £ ^ + (K, m) with 3(p) — (p is also the unique minimizer 
of 3 in t .# + (R, m)). If p is a Wasserstein solution to (|1.DDE[) in -^(Rjttl) then 

Pt — 1 p weakly as t — > +00, lim 3(pt) = 0. (2.53) 

tf+oo 

In particular the continuous density ut converges to u uniformly on the compact sets ofD(u); if moreover 
the support of p$ is compact and m < m c , then there exists a finite time T > such that p t <C for 
every t > T. 

3 Wasserstein distance and differential calculus 

In this Section we recall the definition and the main properties of the Wasserstein distance and differential 
calculus in Wasserstein spaces (we refer the interested reader to [T3], [H], for more details). Also, the 
subdiffcrcntial of the energy functional £F will be characterized and discussed. 

3.1 Transport of measures, Wasserstein distance, and differential calculus. 

If p G ^+(R d ,m) and r : R d -> R h is a Borel map, the push-forward of p through r is the measure 
p = r#p G ^ + (R h 7 m) defined by 

p{A) := p(r- 1 (A)) for every Borel subset A C R' 1 . (3.1) 

It can also be characterized by the changc-of-variablc formula 

f if(y)dp(y) = f <p(r(x))dp(x), (3.2) 

JR h JR d 

for every bounded or nonnegative Borel function cp : M. h — > K. 

According to this definition, the marginals p % G ^#+(R, m), i = 1, 2, of p G ^+(R x R, m) can be defined 
by p l = (tt i )#P, where 7r* (a; 1 , a; 2 ) = x l is the projection on the i-th component in R x R. In this case 
we say that p is a coupling between p 1 , p 2 and we denote by T(p 1 ,p 2 ) the (weakly) closed convex subset 
of ^ + (R x R, m) consisting of such couplings. We recall that a sequence of measures p„ G ./# + (R d ,m) 
weakly converges to p G ./#+(M d ,m) if lim„^ +oc J Rd tp(y) dp„(y) = J Rd (p(y) dp(y) for every continuous, 
bounded function ip G Cb(R d ). 

For every couple of measures p 1 ,^ 2 G ^#2(R, ttl) the L 2 -Wasserstein distance is defined by 

W 2 V,p 2 ):=min{ / la; 1 — x 2 | 2 dp(x 1 , a; 2 ) : p G r(p : , p 2 )|. (3.3) 

The space ^2 (R: nx) endowed with the distance W2 is a complete separable metric space and the topology 
induced by the Wasserstein distance is stronger than the narrow topology: in fact a sequence p n converges 
to p in ^ 2 (R,m) iff (|2~T0)1 holds (see e.g. [14]). 

There exists a unique optimal coupling p opt realizing the minimum in (|3.3p : it admits a nice rep- 
resentation in terms of the cumulative distribution functions M p i of p 1 , p 2 and of their pseudo-inverses 
Y pi . 
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Let us first recall their definitions in the case of a G ^# + (R, m) 

M„(x) :=o-((-oo,x]) i£l; F CT (tu) := inf ja; G ffi : M ff (s) > to}, w G (0,m). (3.4) 

Notice that M a is a right-continuous and nondecreasing map from M to [0,m]; if we denote by A m = 
°^ ?1 |(o m) ^ e res t r i c tion of the Lebesgue measure to the interval (0,m), it is possible to show that 

0">) # A m = P\ (Yp^Yp 2 )^™ = Popt (3-5) 

so that 

Wl(p\p 2 )= \Y p ,(w)=Y p 2(w)\ 2 dw=\\Y p i-Y p 4 2 L2 ^ m) . (3.6) 
Jo 

The map p i— » Y p provides an isometry between ,/#2 in) and the cone of nondecreasing function in 
L 2 (0,m). 

Displacement interpolation and displacement convexity. Let p° , p 1 G ./#2(R, nx). Their displace- 
ment interpolation is the path p* G ^#2(K,m) with $ G [0, 1], defined by 

/ := ((1 - i9)Y p o + i»» # A m = ((1 - ^tt 1 + i?7r 2 ) #Popt . (3.7) 

The curve i-> p* is the unique (minimal, constant speed) geodesic connecting p° to p 1 in (K, m) 
and it corresponds to the segment connecting Y p o to Y p i in L 2 (0,m). 

We say that a functional S : ^#2(R, m) — > (—00, +00] is displacement A-convex if for every p° , p 1 in 
its proper domain we have 

9(/) < (1 - 0)S(p°) + ^(p 1 ) - ^(1 - mi(p\ P 1 )- (3.8) 

In the one-dimensional case, the displacement convexity of the internal functional £ is equivalent to the 
convexity of the energy density E and it coincides with convexity along generalized geodesies (see [3J 
Definition 9.2.4]). 

Proposition 3.1 (Displacement A-convexity and lower semicontinuity of 5"). 5" is lower semicontinuous 
with respect to the Wasserstein distance in ^2(K,m) and displacement X-convex. Moreover satisfies 
the following coercivity property 

inf {3(p) : p G ^ 2 (R,m), / \x\ 2 dp(x) < c\ > -00 /or ewer?/ C > 0. (3.9) 

Proof. Since E is convex and sublinear, by [5] it follows that £ is lower semicontinuous with respect to 
the narrow convergence. In the one-dimensional case the convexity of E is equivalent to the displacement 
convexity. The functional p 1— > J R V(x) dp(x) is displacement A-convex if and only if V is A-convcx; it is 
also lower semicontinuous with respect to convergence in ^# 2 (]R, m) since V is continuous and quadratically 
bounded from below. □ 

Definition 3.2 (Subdifferential and slope). Let S : ^#2(K, tn) — > (—00, +00] be a displacement A-convex 
and lower semcontinuous functional, let p° G ^# 2 (R,m) with S(p°) < +00 and £ G L 2 (p°). We say that £ 
belongs to the W^-subdifferential of S at the point p°, and we write £ G d9(p°), if for every p 1 G ^^(M, m) 
the optimal coupling p opt between p° and p 1 satisfies 

S(p 1 )-S(p°)> I U{x){y-x) + ±\y-x\ 2 )dp opt {x,y). (3.10) 

JRxR v Z / 
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d9(p°) is a closed convex (and possibly empty) subset of L 2 (p°). When 99(p°) is not empty we denote 
by <9°9(p°) G L 2 (p°) its (unique) element of minimal L 2 (p°)-norm. 
The (metric) slope of S is defined as 

laGU o, r (S(p°)-9(p)) + f (5( P °)-5(p)) + A , .x + 

99 (p u ) = bmsup — = sup ( +o W 2(p,P u ) ■ (3.11) 

w 2 (p, P °)^o W 2 {p,p°) p^ p o V VF 2 (p,p°) 2 / 

For general displacement A-convex functionals, one has 

\d9\(p)<\\d°S(p)\\ LHp) . (3.12) 

When the functional S satisfies the regularity condition 

|3S|(p°) < +oo p°«J^\ (3.13) 

then the metric slope (|3.1ip can be equivalcntly characterized by 

\dQ\ 2 (p°) := min { j ||| 2 dp : £ £ 5S(p )}, (3.14) 

where \dS\{p°) = +oo iff 53(p°) is empty. In this case \dQ\(p°) = \\d°9(p )\\ LKp0) . 

3.2 Slope and Fisher dissipation in the super-linear case. 

Let us consider the perturbed family of energy densities E £ (r) := E(r) + er log r associated to the energy 
functionals 

J £ (p) := [ E £ (u{x))dx+ [ V £ (x)dp(x) iip = u^ 1 ; 3 £ {p) = +oo ifp^^ 1 . (3.15) 

Notice that (rE £ )"(r) = f3'(r) + e = (f3 £ )'(r), where (3 £ is defined in (j2~23")) . Since E £ has a super-linear 
growth, the slope 193^1 can be explicitly characterized [U Theorem 10.4.13] and it coincides with the 
square root of the associated Fisher-dissipation 

T(p) := f M!M + (y*y 2 udx if p = ujgf^ u e W^(R). (3.16) 

As usual J £ (p) = +oo if u g W^(M) or even p <t Jz? 1 . Thus we have 

\d3 £ \ 2 {p)=T{ P ) (3.17) 
and the minimal subdifferential £ £ = d°3 r£ (p) £ L 2 (p) is characterized as 

e> = ^/3 £ (u)^ ,1 +p(T/ £ )' ii p = u£> 1 e D(T). (3.18) 
The following compactness and lower semicontinuity property will play a crucial role in the sequel. 

Theorem 3.3. If p £ = u £ if 1 £ -D(3 e ), e > ; w e (x) > for all x £ M, is a family of measures 
satisfying 

p £ — 1 p weakly in ./#+ (R, m) as e ^ 0, limsupj e (p e ) < +oo, (3.19) 
p = uJ^ 1 +P 1 - £ L>(J) c ^# 2 c (R,m), 
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J(p) < liminf T{p £ ), (3.20) 

u £ converges to u uniformly on compact sets o/D(w). (3-21) 
Moreover, if £ £ = d°3 r£ (p £ ) as in (|3.18j) . we have 

€ £ P £ €P = d x P{u)5f 1 + V'p, in the duality with C£(R). (3.22) 

f(r) 

Finally, if f : [0, +cx>) -> 1 is a continuous function such that lim = /oo € R, i/ien 

/(w 6 )^ 1 /(w).Sf 1 + feoP 1 - in the duality with C°(R). (3.23) 

Proof. Since T{p £ ) = / |£ e | 2 dp £ , by (j3~T3)) (see [1 Theorem 5.4.4]) there exists £ € L 2 (p) such that 
Jn 

€ e p £ ^£p, in the duality with Cj°(R), (3.24) 

and 

/ |£| 2 dp< liminf f \e\ 2 dp e . 

Jr e i° Jr 

From (gHH) and (|2.24b|) it follows that 

(V^JVjS? 1 V'p in the duality with C°(R). (3.25) 

Since by (l3~T51l 

flt B y3 c (u e )J2P 1 = C^JSf 1 - (V £ )VJ2?\ (3.26) 

(|3~24|) and (|3~25)) imply that 

d^iu^Jf 1 £p - V'p in the duality with C C °(R). 

Let us now prove that p G .-# 2 c (R,m), /3(ti) € (R) and d x fi{u) = £p - V'p. 
We introduce the functions 

G(r)= f ^p-ds, G £ {r) =G{r)+2e^. 



Jo V s 

Since u £ € W,' (R), u 6 (x) > and G is locally Lipschitz in (0, +oo), we have 



d x G £ {u £ ) = (3.27) 



Let / = (a, 6) be an arbitrary bounded interval of R. Since /3'(0 + ) < +oo we have that G £ (r) < My/r, 
for some M > 0. Therefore 

sup / |G £ (u £ )| 2 da; < +oo. (3.28) 

By (|3~2"dT) and (j3~T3|) we have 

/ ^(WO) 'da;^ / |£ e - (V s )'| Vda < 2 / |r|Vd:r + 2 / |(V e )'|Vdx (3.29) 
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so that 

sup / 9 X (^)) \ x<+OQ _ (3. 30) 

By ([-OS]) . (pO!J|) and (pHTl) . wc infer that the family {G £ (u £ )} e>0 is bounded in ff£ c (R). Thus, for 
every sequence e 3 — > we can extract a sub-sequence, still denoted by {sj}, such that G e (u e . ) converges 
weakly in _ff^ c (R), and uniformly on the compact sets of R, to some continuous function g £ _ff^ c (R). 
Since 

sup^ \d x (l3 e (u e ))\ dx = supJ^ E - {V E )'\u E dx < sup v 7 ^^ |£ e - (V E )'\ 2 u e dx^j ' < +oo, (3.31) 

and {(3 e (u e )} £> o is bounded in L 1 (K), the family {/3 e (m e )} £ >o is bounded in L°°(I). Therefore the family 
{ £u £ = P £ (u e ) - P{u £ )} £>0 is bounded in L°°(I). Since < G £ {u £ ) - G{u £ ) = 2y/ey/e¥, we conclude 
that G(u ej ) converges uniformly on the compact sets of R to g, as j — > +oo. The inequality 

r + °° b'(s) 

0<G<G no = / ^^ds, 



together with the previous observations, gives < g < G^. Since G is increasing and Goo < +oo, we 
can define the function 

iG-^gix)) if «?(*)< Goo, 
} +oo if g(x) = Goo 



u(x) 



which turns out to be continuous on the open set D(u) := {x £ R : g(x) < Goo}. Since G(u e .) — > g 
uniformly on the compact sets of R, we have that u £ . = G~ 1 (G(u e )) — > u on the compact sets of 
D(u) and u e .(x) — s- +oo for every x £ R\ D(u). By Fatou's Lemma we obtain that u € i 1 (R) and 
if^R \ D(u)) = 0. For every ip £ C°(D(u)), using (|3~T9l) we have 



lim / ip(x)dp E . = / ip(x) dp = / ip(x)u(x) dx. 

j^+oo 7 R J R J R 

Thus 

P|D(«) = uJff 1 and P|r\d(u)=P ± - (3.32) 

This shows that p £ ^# 2 c (^: m )- Moreover, we deduce that the whole family u £ converges to u uniformly 
on compact sets of D(u), as e J, 0. 

For any bounded interval / = (a, b), we have proved that {f3 £ (u £ )} e> o is bounded in W 1,1 ^). Then, by 
BV compactness (see e.g. [T]) there exists h £ BVi oc (R) such that, up to subsequences as before, (3 £ (u £ ) 
h in L 1 1 oc (R) and Jzfi-a.e. and d x $ e {u e )& x -± d x h in duality with G°(R). Since < (3 £ {u £ ) - f3{u £ ) = su £ 
and eu £ {x) —> pointwise in D(u), we have that (3(u £ ) h, J£ 1 -&.e. On the other hand, by the 
continuity of (3, (3(u £ ) — > f3(u) «5f 1 -a.e. Hence h = P(u). Moreover, by using (|3.26[) . it is easy to see that 
d x /3(u)^f 1 = ip-V'p. The last identity and (15321 yield (3{u) £ BVi oc (R) n W^(D(u)). 

Finally, we prove that j3{u) £ W lo ' c (R) and d x {f3(u)) = d x (/3(u) )|d(«)- Since D(u) is open, we can 
write 

D ( u ) = IJ (a n ,b n ) 

riGN 

where the intervals are pairwise disjoint; recalling that f3(u(a n )) = f3(u(b n )) = j3°°, we have for every 
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C G C C °°(IR) 

JD(u) JR\D(«) „ Ja n JR\D{u) 



Y,(- [ " td x ((3(u))dx + (((b n ) - ((a n ))f3°°)+(3°° [ (' dx 

„ V Ja n J J«\D(u) 

- [ C d x ((3(u)) dx + V /3°° f n (' d.T+/3°° f C' dx 

JD(u) „ Ja„ JM\D(u) 

Cd x ((3(u))dx + P°° [ C'dx = - f Cdx(P(u))dx. 

D(u) JK. JD(u) 

We eventually prove (|3.23[) . By possibly substituting f(r) with f(r) — /oor it is not restrictive to 
assume foo = 0, i.e. 

f(r) 

lim = or, cquivalcntly, V77 > 3 M v : l/MI < M„ + nr for every r > 0. (3.33) 

r— y+oc t 

Property (|3.33|) easily shows that the family {/(« e )} E >o is equi-integrable in K: for every 5 > and 
choosing 77 := 5 /2m, every Borel set A with measure < S/2M 7] satisfies 

y dx < J (Mr, + 7?u e (x)) dx < M n ^f 1 (A) + nm<5 for every e > 0. (3.34) 

The previous equi-integrability estimate and the tightness of p e given by (|3.19[) show that the family 
f(u £ ) is weakly compact in L 1 (K). On the other hand, f{u e ) — > f(u) locally uniformly in D(u). Since 
J*f 1 (R \ D(u)) = it follows that f(u) is also the weak limit of f{u e ) in L 1 (M). 

□ 

By a similar and even simpler argument it is possible to prove the following lower semi continuity 
result for the Fisher dissipation 3 with respect to weak convergence. Lower semicontinuity with respect 
to Wasserstein convergence will follow by (|3.5[) and the representation (|3.11[) of the metric slope for a 
displacement A-convex functional [2j Corollary 2.4.10]. 

Theorem 3.4 (Lower semi continuity of J) . If p n = u n J^ 1 + p^ G D(3) is a sequence of measures weakly 
convergent to a measure p and satisfying 

lim sup J(/9„) < +00, (3.35) 

n— >+oo 

then we have 

p = u^f 1 +P 1 - G D{3) C ^ 2 c (K,m), 3(p) < liminf J(p„). (3.36) 

n— > +00 

Moreover 

tin converges to u uniformly on compact sets o/D(u). (3.37) 
3.3 Characterization of the Wasserstein subdifferential of 5F 

Theorem 3.5 (Characterization of <95F). Le£ p = + p~ L G ^2(R, m) wii/i ^(p) < +00 and £ G L 2 (p). 
£ = d°3 r (p) (and, in particular, d'J{p) is not empty) if and only if 

p G ^ 2 C (IR, m), J(p) < +00, £p = d x /3(u)3? 1 + V'p. (3-38) 
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In this case 



\d?\ 2 (p)= [ \d\ 2 dp = 3(p). (3.39) 

Jr 

Proof. Let us first suppose that p, £ satisfy (|3.38[) and let us prove that £ <E d3 r (p), i.e. ()3.10j) holds with 
p° := p; in particular, recalling p,12|) . this also shows that 

\d3\ 2 { P )< I |e| a dp = J(p)<+oo. (3.40) 
Jv, 

It is not restrictive to assume A = 0. By a standard regularization and stability of the optimal 
couplings with respect to weak convergence, we can also suppose that p 1 = u 1 S£ x with u 1 £ C 1 (R) 
supported in the bounded interval [a, b] with u x (x) > for every x £ (a, b). In this case M p i £ C 2 (R), 
the monotone rearrangement map Y p i £ C°([0,m]) satisfies Y p i(0) = a, Y p i(m) = b and its restriction to 
(0,m) is of class C 2 . We set 



J r{x) :=Y p i {M p (x)), := (1 - €)x + &r(x) 

{ s(y) :=Y p (M pl {y)), s»(y) := 0y + (1 - &)s(y) 

and we observe that r" 8 \ , . is C 1 . We introduce the sets 

|D(m) 



for every x, y £ R, •& £ [0, 1], (3.41) 



D:=D(u), D> := {x £ D(u) : u(x) > 0}, D:=R\D, G := r(D) = r(D>), G := (a, 6) \ G, (3.42) 
and we have 

WIdxk = ^ x = ( s ° x i)*^ 1 ^ 1 ^). 0Vt)| 6xH = (*° x i)*^ 1 !-) (3.43) 

'V(d> - /| RV , (D) - 4(^16): (3-44) 

u*(r*(a:))(r*)'(x) - tt(a:), u* («*)'(») = u 1 ^) for every ieD, y£ (a, 6). (3.45) 

Since (s°)'(y) = for every y £ G 

£(/) % g ( (i - - * + " r ' w)di + ja^)** <3 - 46) 

Therefore, owing to the convexity of the maps $ i-> £(p tf ) and s i— > sE(a/s) for every a > 0, 

+oo > fi^ 1 ) - £(p) >Umi9- 1 f£(/)-£(p)) =- / /8(u)(r' - 1) dx - /3°°if X (G). 
#4.0 V / J D 

Let us now choose two sequences z^T — >• — oo, — > +oo in D, let (a^T, ). Let (at , b^) be the connected 
component of D containing z^ and z£ respectively, and let 1% := (ajj,^), n £ At C N be the (at most 
countable) connected components of D n {b^,at)- We consider a continuous function ipk : M [0,1] 
satisfying 

i> k (x) =0inM\[z-,z+], ^ k (x) = liix £[\{z^ +bl),\(z+ + a+)], is concave. (3.47) 

For sufficiently big fc we have ipk = 1 on (a, 6). Then 

/8(u(x))(r(s) - x)i>' k {x) > f3(u(x))(Mr(x)) ~ M*)) (3 4g) 

> f3(u(x))(l ~ tpk(x)) > for every x £ [zj~, zjj"]; 
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Moreover 



P»X\G) = lim y'(Gn (r(b-),r(a+))). (3.49) 

k — ^oo 



/3(u)(r' - l)dx = lim - / /3(u)(r' - 1) tp k (x) dx (3.50) 



and 



/ p(u){r' - l)tp k (x)dx > / d x p(u) (r(x) - x)tp k (x)dx + / d x /3(u) (r(x) - x)ip k (x) dx 

+ I " 9 ^ U ) ( T ( X ) - X ) dx 

n£A k ^ a k 

+ r [(r(a+) - a+) - (r(6* ) - - £ (r(6J) - r(a£) - (6J - <#))" 

neA fc 

= / 9 :c /?( U )(r( a; )-x)V fe (x)dx + /3 0O Jf 1 (Gn(r(6-),r( a +))), 



where we used the fact that ^((^ , a+) \ D) = 0. 
Combining all these estimates we get 

+ oo > £(/? 1 ) — £(p) > limsup / d x j3(u)(r{x) — x)tp k (x) dx. (3.51) 

On the other hand 

+oo > f V(y) dp\y) - f V(x) dp(x) = f (v(y) - V(xj) dp opt (x, y) 

JRxR fc|+oo JRxR 

Summing up the two contributions we have 

Hp 1 ) - Hp) > limsup / £(x)(y - x)i/} k (x) dp opt (x,y) = / £(x){y-x)dp opt (x,y). 

kf+oo 



Let us now show that if |95"|(/c») < +oo then there exists £ € L 2 (p) satisfying (|3.38|) (thus in particular 
£, G dHp)) with 

3( P ) = Jjt\ 2 dp<\d?\ 2 (p)- : (3.52) 

recalling ^j0| , this shows that £ = 9°5F(p). 

We apply the forthcoming Lemma 13.61 and the general approximation result [2] Lemma 10.3.16] to 
find a family p e converging to p in ^ 2 (R, nx) and £ e £ d3 re (p e ) such that 

lim |9? £ | 2 (/5 £ ) = lim J £ (p E ) = lim / |£ £ | 2 dp e = |5J| 2 (p). (3.53) 

ej.0 ej.0 ej.0 jjj 

Theorem [33] then yields ([3752]) and ([3738]) . □ 
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3.4 T-convergence of 5F E to 3 r 

The following lemma shows that the family of functionals 3 s converges to 5" in a kind of T convergence 
way (with different convergence in the lim inf and the lim sup inequalities) . 

Lemma 3.6. As e 4- the family of functionals jF converge to 3" according to the following two properties: 
(i) For every family {p £ } C ./#2(R, rn) such that p £ — v p, as e 4- 0, in duality with C"(R), and 

M 2 := limsupm 2 (p £ ) < +oo, (3.54) 

one has 

lim inf 3 £ (p £ ) > 5"(p). 

£10 

(n,) -For every p € ^#2(K,m) i/iere exists a family of measures {p e } C ^#2(K,m) suc/i £/ia£ Wi{p £ , p) — > 
as e 4- and 

lim sup 3*00 < 3"(p). 

Proof, (i) The "liminf" inequality for the potential energy V £ (p) := / l/ e dp under weak convergence 

and (|3.54j) follows from (|2.24cp and (|2.24b[) . since for every S > there exist R > <5 _1 and £o > such 
that 

V £ (x) > -6\x\ 2 for every iel \ [-R, R], V £ {x) > V(x) ~ S for every x G [-2R, 2R], < e < £ ; 
for every < e < £q and every smooth function 

X : R -» [0, 1] with x(x) = 1 if [acj < 1 and X(a;) = if \x\ > 2 (3.55) 

we have 

V s (P £ ) = [ V £ (x)x(x/R)dp £ + [ V £ (x)(l -X(x/R))dp £ > [ (v(x)-S)x(x/R)dp £ -6 [ \x\ 2 dp £ 
Jr Jr Jr ^ ' Jr 

so that 

liminf V £ {p £ ) > [ x{x/R)V{x)dp{x) -5(m + M 2 ). 
Jr 

Since R > S~ 1 and the previous inequality is valid for arbitrary S > 0, passing to the limit as S — > we 
obtain 

liminf V £ {p £ )> V(p). (3.56) 

Let us now prove the "liminf" inequality for E £ : recalling the usual decomposition p £ = u 6 ^ 1 + (p £ ) J ~, 
thanks to the definition of E £ we get 

£, £ {p £ ) = £.{p £ )+e I u £ \ogu £ dx > £(//)+£ [ u £ \ogu £ dx. 
Jr J{o<« e <i} 

By Cauchy-Schwarz inequality and (|3.54[) we obtain 



lim sup 

£4.0 



U £ loS^ U' 

u £ \ogu £ dx < lim sup ( / (1 + |a;|) 2 u e dx ) ( / q _|_ 1)2 ^ x ) < +°°- 



{0<« e <l} 



e|0 \JR / \-/{0<u e <l} 



(3.57) 
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Hence 



liminf £ e (p e ) > liminf £(p e ), 



and (i) follows by the lower semicontinuity of £ with respect to the weak convergence. 

(ii) Let p = uJ£ x + p ± <E ./#2(K, m) with 5"(p) < +00 (the case 3(p) = +00 is trivial). Defining 
c £ := m/pQ-l/e, 1/e]), and h £ := c e X[-i/ e ,i/ e ] , we set 

p £ :=h £ p = h £ u^ 1 + h £ p ± . 

Since lim e ^o h e {x) = 1 pointwise, for every function W : M — > K such that / |W(a;)| dp(x) < +00, the 
dominated convergence theorem shows that 

lim / W{x)dp £ (x) = lim ( [ W{x)h s (x)u(x) dx + [ W{x)h £ (x)dp ± {x)) = [ W(x)dp(x). (3.58) 

e -l- Jr e J-° v Jr Jr ' Jr 

In particular, choosing W = (p as in (|2.10|) we obtain that W2{p £ ,p) — > so that for every S > there 
exists R > such that 

lim f \x\ 2 {l -x{x/R))dp £ = [ \x\ 2 (l - x{x/R)) dp < S (3.59) 
£ J-° Jr Jr 

for every function X as in (|3 . 55[) . On the other hand, (|2.24b|) yields Eq > such that V £ (x) < V(x) + S 
if I a; I < 2R and therefore 

V £ (p e )< f V £ {x)x{x/R)dp £ + f (V(x)+A\x\ 2 )(l-X(x/R))dp £ 

JR Jr\ ' 

< I V(x) dp £ + 5m + A I \x\ 2 {l -X(x/R))dp £ . (3.60) 
jr Jr 

Using (|3.58p with W = V, passing to the limit as e 1 in (|3.60|) . we obtain 

limsupV e (//) < V(p) + 5(m + A). (3.61) 

Since 5 > is arbitrary we conclude 

limsupV e (p e ) < V(p). (3.62) 
On the other hand, since E < is continuous, by Fatou's Lemma we have 

lim sup / E{u £ (x))dx < / E{u{x))dx. (3.63) 
eio Jr Jr 

Denoting by ./#? omp (R, m) the set of nonnegative measures with compact support and total mass m, we 
have just proved that 

V /) € ^ 2 (R, m) n D(J) 3{/} c ^"(l, m) : W 2 (p £ ,p)^0, limJ(^) = J(p). (3.64) 

A standard diagonal argument for r-convcrgence shows that (ii) can be reduced to prove 

Vp6 J'™ mp (l,m), 3{p £ } c ^ omp (R,m) : W 2 (p e ,p) -> 0, lim sup T{p £ ) < J(p). (3.65) 



= |0 
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Let p = uJ^ 1 + p 1 - G „#? olnp (R, m); denoting by k £ = e~ 1 k(-/e) a standard family of symmetric and 
nonnegative mollifiers with support [—£, e], we set u e (x) = (k e *p)(x) = J m k s (x — y) dp(y) and p e = u e .if 1 . 
By definition of convolution and Fubini's theorem we have 

f V{x)dp £ (x)= [ V{x) I k e (x-y)dp(y)dx = [ [ V(y + ez)k(z) dz dp(y). 

JR JR it Jsupp(p) J [-1.1] 

By the continuity of V, and the dominated convergence theorem 

lim J V{x)dp e {x) = J V{x)dp{x). (3.66) 

Recalling that E is decreasing and applying Jensen's inequality to the probability measure k s {x—y)J^ 1 {y) 
and the convex function E we get 

E(u s (x)) = E^£k £ (x-y) d/>(tf)) < £?( j u(y)k e (x - y) dyj < j E(u(y))k £ (x - y) dy. 

Integrating with respect to x and using Fubini's theorem we obtain 

/ E{u e {x))dx < j E(u(x))dx. (3.67) 
Jr Jr 

Finally, since k £ < 1/e and u 6 (x) < £ _1 m, we have 

e I u e log u e dx < m e log — . (3.68) 

Jr £ 

Since W 2 (p e ,p) -> 0, §M$ , and (1335)) yield §Mj . □ 



4 Proofs of the main Theorems 

4.1 Subdifferential characterization of the gradient flow of 3" and existence 
result. 



Proof of Theorem \2.b\ The proof of Theorem 12.61 is based on the general results about the generation of 
gradient flows for displacement A-convex functionals in .^(R,™.) established in [2] (notice that all the 
theory in [2] can be applied to the space .^(R, m) and not only to the space .^(R, 1) considered in [5]). 

By Proposition 13.11 the functional 5F is displacement A-convex (in dimension 1 generalized geodesies 
[21 Definition 9.2.2] coincide with the displacement interpolations (|3.7[) ) and we can apply the general 
theory summarized in Theorem 11.2.1 [2]. 

Since D{3 : ) = {p£ ^ 2 (R, nx) : < +00} is dense in ^# 2 (R, m), the evolution is well defined starting 
from an arbitrary element of ^#2(R, tn). Therefore, by Theorem 11.2.1], for every po £ ^(Kjin) there 
exists a unique curve p belonging to C°([0, +00); ./# 2 (R, m)) such that p t € -0(3) c f(3 r ) for every t > 
and 



ftp* + d x (p t v t ) = 0, 

5-(p t0 )-^tj= r / i« t i 2 p t (x)di 

Jt JR 



in ^'(R x (0,+oo)), (4.1) 
for Jzf x -a.e. f e (0,+oo), (4.2) 



< i < ii 



(4.3) 
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Moreover the map po i— > St(pa) '■= Pt defines a continuous semigroup satisfying the A-contraction property 
(1223). From Theorem 2.4.15] the map t \-> e At |<9J| 2 (pt) is non-increasing, and then (|2.21[) holds. The 
regularization estimate (12.20)) (which implies (|2.9b[0 still follows by Theorem 11.2.1 and by [T2] in the 
case A ^ 0. From (O and Theorem EJd] we have (|2"^a| . (|4"Jj) . and yields f2"^c|) . The 

comparison result follows from Theorem 12.81 and the corresponding property for solution of the viscous 
regularization. □ 

Proof of Theorem \2.8l The part concerning existence of solutions to problem (|2.25[) for a measure ini- 
tial datum, is similar to the part concerning existence for problem (|1.DDE[) . taking into account the 
characterization of the subdifferential of J € (|3 . 1 8|) . 

The stability with respect to the convergence in ^#2(R, m) follows from Lemma 13.61 and Theorem 
11.2.1 of [2]. The uniform convergence follows from Theorem I3.3I(|3.21[) . □ 



4.2 Localized entropy estimates and propagation of singularities 

Let us consider 

a smooth convex function ip : [0, +oo) — > R with ip(0) = 0, (4.4a) 
and let us set (recall that (3 s (r) = f3(r) + er) 

rj(r) :=rip'(r) - ij){r), 7 (r) := / P'(s)<ip'(s) ds, j £ (r) := 1 (r) + eip(r) = / (/3 e )'(s)V>'(s) ds. (4.4b) 



Theorem 4.1. If u E is a smooth bounded solution to (|2.25p andip,n,^f £ satisfy (|4.4a[) and (|4.4bj) . then 
ip(u £ ) is a classical solution to 

d t ^{u £ ) - d x {d xl £ {u £ ) + ^{u £ ){V £ )') < n{u £ ){V £ )". (4.5) 

In particular, for every nonnegative ^eC c 2 (lx [0,? 1 ]) it holds 

ip(u £ (x,T))(j)(x 7 T)dx+ [ I ^{u £ )(- d t <f) + d x (j){V £ )') dxdt 

(4.6) 

(Y(u E )dl(/) + ri(u £ )(t)(V £ )") dxdt < / ip(u e (x, 0))</>(x, 0) dec. 
Proof. By straightforward computations we obtain that 

dMu £ ) - d x (d xl £ {u £ ) + 4>(u £ )(v £ )') = v(u e )(v e )" - (n'W'(u £ )(d x u £ ) 2 . 

Since ip is convex and (3 s is increasing, ((3 £ )' (u £ )ip" (u £ )(d x u £ ) 2 > 0. This implies f|4.5j) . □ 
We will now prove the a priori estimate 



Corollary 4.2. Let us assume that (|2.ip holds and that po = uqJ£ 1 has a bounded density. Then (|2.2[) 
holds. 

Proof. By Theorem [2^8] it is sufficient to show (|2.2|) for the (bounded and integrable) solutions p £ = u £ ££ x 
of (|2.25|) with initial datum pq. Let us apply (|4.6j) with ip(r) = r p , p > 2, and cj>(x) = X(x/n), where X 
satisfies (|3 . 55|) . Since (V £ )' is bounded and (V £ )" < c, it is not difficult to pass to the limit as n — > +oo, 
getting 

u £ {x,T) p dx< [ U P(x)dx + c(p-l) { { u £ (x,t) p dxdt. 
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From Gronwall's Lemma it follows that 

f u £ (x, Tf dx < e c{p - 1)T [ ug(x) dx, for all T > 0. 
Jr Jr 

Letting p f +00 we get estimate (12.2[) for p e . □ 

The following corollary of Theorem 14.11 is a preliminary step for the proof of Theorem 12.101 on the 
propagation of the singularities. 

Corollary 4.3. Let ip,r],'y be as in (|4.4ap and (|4.4b|) . lim r -|- +00 ?/>' (r) = ip'^ <G (0, +00). If p = 
uJ^ 1 + p is the measure-valued solution to (jl.DDEI) and ip(p) := ^(u)^ 1 + ip'oo > we have 

dtip(p) — d x (ip(p)V') < d x {~f{u)) + n(u)V" in the sense of distributions. (4-7) 

Proof. It is sufficient to pass to the limit in (|4.6I) , recalling (|3.23p and applying the dominated convergence 
theorem with the estimate \ip(r)\ < ||V''II i=°((o,+oo)) r - 
Notice that 

Um !ZW= i im f^ (r) _^ = o 

r— > + oo t r— >+oo V r J 

and 



= lim - (f3(rW(r) - /3(0W(0) - / p(sW'(s) ds] 
r r->+oo r V 7 / 

since \irct r ^ +00 f3(r) = (3^ < +00 and we estimate the integral as follows 

< - r 13 W{s) ds < ^ (V (r) - V'(0)) ■ 



□ 

Proof of Theorem \2.1(A Let us fix a nonnegative function £ <E C£°(R) with compact support in [0, 1] and 
integral equal to 1. We set (k(r) := C( r — k), Zk(r) := /J" Cfc( s ) ds, V'fcM = Jo ^ fc ( s ) It is immediate 
to check that ipk satisfies the assumptions of Corollary 14.31 Moreover, the corresponding functions 7fc(r) 
and rjk{r) are uniformly bounded by Cr and converge to pointwise as k — > +00. Passing to the limit in 

dtipk(p) - d x (ip k (p)V) < 9^(7fe(u)) + rjk{u)V" in the sense of distributions (4.8) 

as k j" +00 we obtain (|2.32j) . Now, set pt = i)(t)#Po ■ It is well known that pt solves dtpt — d x (ptV) = 0. 
Then the family of measures at = pi — Pt satisfies dtat — d x (atV) < with do < 0. By a simple variant 
of Proposition 8.1.7 of [5] we deduce that a t < for every t > 0. Therefore for every Borel set icl, 
Pi {A) < Po (X^ 1 (A)). Choosing A = D t , the inclusion J(u t ) C J* follows. □ 

4.3 Minimizers, stationary solutions, and asymptotic properties 

Proof of Theorem \2.12\ Let us first show that every measure p min = u m ; n _S? 1 + p^ in satisfying (|2.39[) is 
a minimizer for 3\ 

Notice that by construction p min e ^T(M, ttl). 

Let p = u££ x + p x be an arbitrary measure in „# + (R, m). If 4 = {1 G 1 : — < £)} and 

B = WL\A denotes its complement, 



- 0) if .t e A, 

iix€B. 



2G 



Since 

-v if v e (0,0), 



E'(H(v)) 



-t) if v £ [d, +00), 



> 



and E is convex, we get 

£(p) - £(p mi „) = / (i5(u(a;)) - J5(n m jji(a:))) da; > / S'(u mi „(a;))(u(a;) - u min (x)) da; 

1 jr 

(0 — V(x))(u(x) — u m - m (x)) dx — d / u(x)dx. 
1 Jb 

Moreover, since V(x) — > 5 for every x E B. 

J(p) - ?(Pmi„) = £(p) - £(Pmi„) + / V dp - f Vd Pmin 

JR JR 

(t>-V(x))(u(x)-u min (x))dx + / (V (x) - d)u(x) dx 

L JB 

+ / V(x)(u(a:)-« niln (a;))da:+ Vdp x - Vdp x in 

J A JR JR 

> / b(u(x) - u min (x)) dx + / Vdp x - I Vdp^ in . 

JR JR JR 

Hence, owing to the identity 

p(R) = p m in(K), so that / udx- / u min da; = / dp^ in - / dp" 1 , 

JR JR JR JR 

and recalling that p^ in is concentrated in Q, we obtain 

J(p) - JOw) > / t>(u(a:)-« inJn (s))da:+ / V^dp- 1 - / Vdp£ in 

= f(V-b)dp ± - [(V- t>) dpi in > - / (V - 0) d/4 n = 0. 

This shows that 3"(p) > 3"(p m i n ) for every p € ^# + (E, m). 

We prove now that every minimizer p = u££ 1 + p- 1 € (R, m) of "5 in (R, m) satisfies (|2.39l) . 
We consider another minimizer p m - m given by (|2.39[) so that equalities hold in all the previous inequalities 
and in particular we have 

= J(p) - J(p min ) = J (V - 0) dp x . 

It follows that p- 1 is concentrated on Q and p = when m < m c (recall that — > and 

equality holds if and only if = V min and x € Q). If u ^ w m in, then, by the strict convexity of E, 
SF((1 — 0)p + Opmin) < 5"(pmin) for every € (0, 1). Taking the continuity of u into account, it follows 
that w(x) = it m in(2;) for every x e R. Consequently p _L (R) = p^ in (R) and we conclude. □ 

Proof of Theorem \2.14\ It follows easily by [2] Theorem 11.1.3], which shows in particular that p is a 
stationary solution of the Wasserstein gradient flow of a displacement A-convex functional 5" iff |95F|(p) = 
0. We can then invoke Theorem 13.51 □ 



The proof of Theorems 12.151 and 12.171 is based on the following lemma: 
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Lemma 4.4. Let p = u^f 1 + p 1 - 6 ^i(R) be a measure satisfying 3(p) — 0, and let us consider the open 
set := jir G R : u(x) > 0}. /// is a connected component of Q+(u) then 

E'(u(x)) + V(x) = ci for every x G /. (4.9) 

Proof. Let us first show that the function E' o u belongs to W^l{Vt + {u)) with 

. , . d T (B O u) 

9 I (fi°«) = — — - inO+(u). (4.10) 

We can simply write E' o u = L o (/? o u) where L := E' o /3 _1 and /? o u G W^'^R). The function L 
belongs to C 1 (0,/3°°) and can be extended to by continuity setting L(/3°°) = 0; it is easy to check 
that this extension belongs to C 1 (0,/3°°], since 

„ . E" op- 1 1 

L ( r ) = a, a i = TTi lim L ( r ) = °" 

(|4.10p then follows by the chain rule for the composition of a C 1 with a Sobolev function. 
If / is a connected component of + (it), we have 

= d *PM*V + V'(x) = d x (E'(u(x)) + V(x)) ml, (4.11) 
u(x) 

so that there exists a constant C] such that (|4.9p holds. □ 

Proof of Theorem \2.15i We have to prove only the "right" implication =>. 

A simple argument by contradictions shows that f2+(u) = R: otherwise, if the interval / = (a, b) is a 
connected component of f2+(w) and one of its extremes, say a, is finite, we should have 

limw(a;) = 0, —d = Ym\E'(u(x)) = Cj — V^(a) > — oo. 

Since f2+(it) = R Lemma 14.41 yields V(x) > ci for every x G R and u(x) = H(V(x) — cj). Since 
p G .-#£(R,m) we conclude that (|2.39[) holds and p is a minimizer of 3" by Theorem [HUH □ 

Proof of Theorem \2~T7\ Let p = ul£ x + p- 1 G ^#+(R, m) with J(p) = and let / = (a, b) be a connected 
component of the open set f2+(u). Since the range of the function r h-> —E'(r) for r G (0, +oo] is the 
bounded interval (0,0] and limi^i^oQ V(x) = +oo we deduce from Lemma 14.41 that / is bounded. 

It follows that u(a) = u(b) = and therefore lirn^a E'(u(x)) = lim^-j-h E'(u(x)) = —5, c/ = V(a) — d = 
V(b) — 0. Wc thus obtain (|2.42l) and the representation (|2.46[) . which also yields (|2.43[) since u is integrable 
in R. Since for every x £ I u(x) = +oo iff V(x) ~ V(a) — 0, i.e. x G Qi, we obtain (|2.47|) . 

Conversely, if p — uJt? 1 + p 1 - G ./#£(R,m) satisfies the three conditions of Theorem 12.171 we imme- 
diately have that 3{p) = 0. In fact, the first integral of the definition of 3 in (|2.8I) vanishes by (|4.9[) and 
(|4.10[) ; the second integral, corresponding to the singular part of p vanishes since p is concentrated on 
Q(u) and V vanishes in each point of Qi, which is a local minimizer of V. □ 

Proof of Corollary \2.18\ Remark 12.131 shows that the minimizer of 3 is unique. We have just to check 
the case when X) < +oo. By the assumption on the first derivative of V is immediate to check that the 
set fl+(u) contains just one connected component / = (a, b) with a < q- < q+ < b. Theorem 12. 121 shows 
that p is a minimizer of 3\ □ 
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Proof of Theorem \2.25\ We use the dissipation identity (|2.18[) to obtain the inequality 

ti 

3(p t )dt = J(p to ) - J(p tl ) < 3{p to ) - 5{p) < +00 for every < t < h < +00. 
Passing to the limit as t\ f +°o we get 3(pt) € L 1 ^, +00), so that 

/ J(/*)<tt < (4-12) 

Since by (|2.21|) J(pt) > e~ 2A J(p n ) if i € (n. — 1, n) we obtain J2n=2 ^(Pn) < +00; in particular 

lim 3(p n ) = and a further application of (|2.2ip yields lim 3(p t ) = 0. (4-13) 

nt+oo tt+oo 

Since 3(pt) < f{pt ) for every t > to, by (|2.coerp we infer that {pt}t>t is tight; by Theorem 13.41 any 
weak limit point poo of pt as t f +00 satisfies J(poo) = and therefore = p. It follows that pt — ^ p 
weakly as 1 1 +00. 

Theorem 13.41 yields the uniform convergence of Ut to U on compact sets of D(u) as t —> +00. When 
m < m C! p has a bounded density and therefore for every compact subset K C K there exists a time 
T > such that pt is bounded on if for every t > T. Choosing as if := {x G R : ^(x) < c} for a 
constant c sufficiently big so that K contains the support of Pq, Theorem 12 . 101 shows that the support of 
p^ is contained in K for every t > and therefore p^ = for t > T. □ 
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